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High frequency resolvent estimates for perturbations by large 
long-range magnetic potentials and applications to dispersive 

estimates 

Fernando Cardoso, Claudio Cuevas and Georgi Vodev* 



Abstract. We prove optimal high-frequency resolvent estimates for self-adjoint operators of 
the form G = (iV + b{x))'^ + V{x) on L^(R"'), n > 3, where the magnetic potential b{x) and 
the electric potential V{x) are long-range and large. As an application, we prove dispersive 
estimates for the wave group e**^^ in the case n = 3 for potentials b{x), V{x) = 0(1x1"^"*^) for 
|x| » 1, where 5 > 0. 

1 Introduction and statement of results 

The purpose of the present paper is to study the high frequency behavior of the resolvent of 
self-adjoint operators on L^(R'^), n > 3, of the form 

G = {iV + b{x)f + V{x), 

where b{x) = (6i(x), is a vector-valued magnetic potential and V is an electric poten- 

tial, bj and V being real-valued functions. To describe the class these functions belong to, we in- 
troduce the polar coordinates r = w = E S""-*^. They are of the form b{x) = b^{x)+b^ (x), 

V{x) = V^{x) + V^{x), where b^ and are C^{'R'^), = (0,-|-oo), functions with respect 
to the radial variable r. We suppose that there exist constants C>0, 0<5^1so that for all 
{r,w) G X S"~-^ we have 

(1.1) 



V^{rw) < C, 
drV^irw) < Cips{r), 
V^{rw) < C{ry^-^, 

b^{rw) < Crjsir), 



0,1, 



(1.2) 
(1.3) 

(1.4) 

(1.5) 



where il^s{r) = 1+^^7-^-25^ T]s{r) = (^r)^^^"^^ . Finally, we suppose that the function b^{rw) 
is continuous in r uniformly in w. More precisely, we assume that the function gs{r,w) = 
b^ {rw)/r]s{r) satisfies 

Ve > 36* = 9{e) > so that \gs{r + 9a, w) - g5{r,w)\ < e 
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for all r > 0,0 < cr < 1, u- G S"-^ (1.6) 
Our main result is the following 



Theorem 1.1 Under the assumptions (1.1)-(1.6), for every 5' > Q there exist constants C, Xq > 
so that for A > Aq, < e < 1, < |ai|, \a2\ < 1, we have the estimate 



{x)- — d;^UG-X^±ie) d^^x 



i+s' 



< ca'^^I"'"!"^!""'". 



dr 



< Crips{r), 



V^{rw)\ < C{r)-^-\ 

d^b{rw) <Cr-^ijs{r), /t = 0, 1, 
then for 5' , A, e as above and \ai\, \a2\ < 1, we have the estimate 



{xr'-^d^^ {G-X'±^ey"^^^xy 



3+S' 
2 



< (7;^l°il+l"2|-2_ 



[1.7) 



Moreover, if in addition we suppose that = and the functions b = b^ and V = + 
satisfy 

d{r^V^{rw)) 



(1.8) 

(1.9) 
(1.10) 

(1.11) 



In fact, some of the conditions above can be weakened. Indeed, using Theorem 1.1 we prove 
the following 



Corollary 1.2 Let b G L~(R";R"), V £ L°°(R";R) satisfy 

{x)^\b{x)\ + \V{x)\ < C, Vx G R*^ 



(1.12) 



with some constants C > 0, 0<5^1. Suppose also that there exists a constant tq ^ 1 so that 
b = b^ + b^, V = V^ + with functions b^, b^ G L°°(R"; R"), V^, G L°^(R"; R), b^ and 
belonging to C^{[rQ, -\-oo)) with respect to the radial variable r, and satisfying 



drb^{rw) + drV^{rw) + b'^ {rw) + V'^irw) 



< Cr 



(1.13) 



for all r > ro, w £ S"""*^. Finally, we suppose that the functions b^{rw) and b^{rw) are 
continuous with respect to r uniformly on [0, +oo) x S"~^ and that 6(0) = 0. Then the estimate 
(1.7) holds true. 



These resolvent estimates are sharp in A in the sense that we have the same for the free 
Laplacian. The estimate (1.7) is well known to hold for non-trapping compactly supported 
perturbations of the Laplacian (in which case it can be derived from the propagation of the 
singularities, e.g. see [12]) and in particular when b,V £ Co°(R"), n > 2. It is also proved in 
many situations for operators of the form — + V under the non-trapping condition, where 
denotes the (negative) Laplace-Beltrami operator on an infinite volume unbounded Riemannian 
manifold (e.g. see |11| . [12j). Note that without the non-trapping condition we have in general 
resolvent estimates with O (e'*'^), 7 > 0, in the right-hand side (see |2]). The estimate (1.7) is 
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well known for operators —A+V on for short-range potentials V G L°° (R"). In the case when 
the magnetic potential is not identically zero, it can also be easily proved for small short-range 
magnetic potentials (e.g. see [6j). For large short-range magnetic potentials b{x) and electric 
potentials V{x) the estimate (1.7) is proved in [8] (see Proposition 4.3) in all dimensions n > 3, 
provided b{x) is a continuous function. For large long-range magnetic and electric potentials the 
estimate (1.7) is proved in [JO], provided b,V e C"^(R") and d^b{x),d^V{x) = Oa ((a;)-^-l"l) , 
5 > 0. In fact, the method of [10] requires this condition for \a\ < 2, only. Note also that 
resolvent estimates like (1.7) play crucial role in the proof of uniform local energy, smoothing, 
Strichartz and dispersive estimates for the wave and the Schrodinger equations, which in turn 
explains the big interest in proving such kind of estimates in various situations. Therefore, the 
sharpness in A is important as a loss in A ^ 1 in the resolvent estimate produces a loss of 
derivatives in the applications mentioned above. 

The price to pay for assuming regularity of the potentials only with respect to the radial 
variable r in the conditions of Theorem 1.1 and Corollary 1.2 is that we must also assume that 
the magnetic potential b{x) vanishes at the origin x = 0. In fact, we can remove this latter 
condition if the regularity is assumed with respect to the variable x. More precisely, we have 
the following 

Corollary 1.3 Let b = b^ + b'^ , V = + V'^ , where b^ £ C^{W;W), 6^ G C°(R";R"), 
G Ci(R";R), G L°°(R";R) satisfy 



V^ix)\ + {x)^+^ |^"^^(^)| ^ C!, 

\a\=l 



\V^(x] 



< C{x) 



-1-5 



|a|<l 



}a\+5 



O^bHx] 



< C, 



b^{x) < C{x)-^-\ 

ye >03e = e{e)>0 so that b^ {x + Oy) - b^ {x) < e{x)-^-^ 
for all x,y € R", \y\ < 1, 
with some constants C > and < 5 ^ 1. Then the estimate (1-7) holds true. 



(1.14) 

(1.15) 
(1.16) 

(1.17) 
(1.18) 



As mentioned above, this result is proved in f8] in the case b^ = = by a different 
method. Here we extend it to more general perturbations and provide a simpler proof. 

We will use Theorem 1.1 to prove dispersive estimates for the wave group e**^ for self- 
adjoint operators G as above in the case n = 3. More precisely, we are interested in generalizing 
the following three dimensional dispersive estimate 



(1.19) 



for every a, e > 0, where Gq denotes the self-adjoint realization of the free Laplacian —A on 
L2(r3) and Xa e C°°(R), XaW = for A < a, Xa(A) = 1 for A > a + 1. We suppose that 
the magnetic potential b is C^(R~'') with respect to the radial variable r, while no regularity 
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is assumed on the electric potential V. We also suppose that there exist constants C > and 
< 5 < 1 such that 

\V{rw)\ + \b{rw)\ < C{r)'^-\ (1.20) 

\b{rw)\ < Cr^ for r < 1, (1.21) 

\drh(rw)\ < Cr-^+^{r)-^-^^. (1.22) 

Clearly, the conditions of Theorem 1.1 are fulfilled (with = = 0) for b and V satisfying 
(1.20), (1.21) and (1.22), so the estimates (1.7) and (1-11) are valid. When n = 3 we have the 
following 

Theorem 1.4 Under the assumptions (1.20), (1-21) and (1.22), there exists a constant a > 
so that the following dispersive estimate holds 

e'*^G-3/2-^Xa(VG) ^ <C,\t\-\ Vt/0, (1.23) 

for every e > 0. Moreover, for every 5' > there exists a constant a > so that we have the 
estimate 

e''^G-'-^xa{VG){xr^/^-'' <aMtr\ vt/o, (1.24) 

for every e > 0. 

Remark. In fact, one can show that the estimates (1-23) and (1-24) hold true for every a > 0. 
Indeed, according to the results of [9] the condition (1.20) guarantees that the operator G has 
no embedded strictly positive eigenvalues, which in turn implies that the resolvent estimates 
(1.7) and (1.11) are valid for every Aq > with constants C > depending on Aq- 

The estimates (1-23) and (1-24) are not optimal-for example, in (1.21) there is a loss of one 
derivative. The desired result would be to prove the dispersive estimate 

e''^G-'-^Xa{VG) <CM-\ Vt/0, (1.25) 

for every e > and some a > 0. When 6 = and for a large class of rough potentials V the 
estimate (1.25) follows from [7J. In higher dimensions n > 4 an analogue of (1.25) is proved in 

n — 3 

PP for Schwartz class potentials V and in fH] for potentials V £ C~2~(R")j 4 < n < 7, while in 
[13] dispersive estimates with a loss of derivatives are proved for potentials V E L°°(R"), 

V{x) = O ({x)~^ , 6 > 0. Proving (1.25) when the magnetic potential b{x) is not identically 



zero, however, is a difficult and an open problem even if b is supposed small and smooth. Our 
conjecture is that (1.25) should hold for b e Co^(R^) and V G L°°(R3), V{x) = O ((x)-2-<5^, 
6 > 0, while in higher dimensions n > 4 we expect to have an optimal dispersive estimate (that 

n—1 n— 3 

is, without loss of derivatives) similar to (1.25) for b e Cq'^ (R") and V £ Cq'^ (R")- Note that 
dispersive estimates for the wave group with a loss of ^ derivatives have been recently proved 
in ^ in all dimensions n > 2 for a class of potentials b G C^(R'^) and V S L°°(R"). Note also 
that an estimate similar to (1-24) is proved in [5] for a class of small potentials b and V still in 
dimension three. 

Theorem 1.1 plays a crucial role in the proof of the dispersive estimates (1.23) and (1.24). 
Note that we cannot use Corollary 1.3 instead, since a function b{x) satisfying the conditions 
(1.20), (1.21) and (1.22) is not necessarily continuous in x. Finally, we expect that Theorem 1.4 
can be extended to all dimensions n > 3 for potentials b{x), V{x) = O (^{ 



n + l 
2 
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2 Resolvent estimates 

Clearly, it suffices to prove the resolvent estimates for < 6' < 6. We will first consider the case 
= = 0, so 6 = 6^ and V = V^. Let ai = 02 = 0. Clearly, in this case (1.7) follows from 
the a priori estimate 



V-yd^D^/Vl^ < \\^s'{\x\)-'/' {G-X'± is) f 



L2(R") 



(2.1) 



It suffices to consider the case "+" only. To prove (2.1) we will pass to polar coordinates (r, w) G 
R+ X S"-i. Recall that L2(R") ^ (r+ x S''-\ A^^-^^^ drdw). Set X = (R+ x S''-\ drdw) , 

^ ^ j.{n-l)/2 

P = x-\in-m (g - A2 + is) r-(-i)/2. 

It is well known that 



where 



(n- l)(n-3) 



and denotes the (negative) Laplace-Beltrami operator on ^ written in the coordinates 
w. It is easy to see that (2.1) follows from the estimate 



HHX) 



< CX 



L\X) 



(2.3) 



where the norm in the left-hand side is defined as follows 



H\X) 



+ 



L\X) 



+ 



L2(X) ' 



where Vr = iX ^dr, Ayj = — A ^A„,. Througout this section || • || and (•, •) will denote the norm 



and the scalar product in the Hilbert space ^^(8" Hence ||it||i2(x) ~ Io° OlP'^^- Using 



(2.2) one can easily check that the operator P can be written in the form 

P = V^ + r-^A^ + X-^W{r, w) - 1 + isX'^ 

n 

+A~^ Wj {bj(rw)Vr + Vrbj{rw)) 

n 

+A~V"-^ ^ {bj{rw)Qj{w,Vw) + Qj{w,Vy,)bj{rw)) , 



W = V{rw) + \b{rw)\^ - i{n - l)r~^ J^'^J^J^ 



rw) 



where = + A"^c„, wj = xj/r, = iX'^dyj, Qj{w,V^) = iX'^Qj{w,dw), Qj{w,^) G 
C°^(T*S"~-'^) are real- valued, independent of r and A, and homogeneous of order 1 with respect 
to ^. Decompose W as + , where 



= V{rw) + \b{rw)y , 
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i{n — l)r ^ ^ Wjbj{rw). 



It is easy to see that the assumptions (1.1), (1.2) and (1.4) imply 

W^{r,w) <C, 

drW'^{r,w)<CMr), 

W'^ir^w) < Cil;s{r). 

Set 

E{r) = - (^(r~^A^ - 1 + X'^W^^ u{r,w),u{r,w)'j + \\Vru{r,w) 



— 2A ^y^Re {bj{rw)Qj{w,Vw)u{r,w),u{r,w)) . 



We have the identity 



, dE(r) 2 / _2-r , , , A ,_2/dW^ . x . ^^ 
— d — ~ ~ y ^wU[r,w),u[r,w)J — X {~q — u[r,w),u[r,w) 



-2X-' Y: Re (^M^HiIq.^^^ jy^)u{r, w), u{r, w] 



-2A-^^Re { w 



i=i 
dhj {rw 



(r, w), T>j.u{r, w)\ + 2AIm (Pu{r, w), T>j.u{r, w 



where 



P = P- ieX-^ - X-^W 



Observe now that by (1.4) we have 



dh{rw) 



dr 

d{h{rw)/r) 



dr 

Hence, using (2.5), (2.7) and (2.8), we obtain 



< Cr-3/2V'5(r)V2. 



E'{r)>-(r ^A^uir,w),uir,w)) -jr ^ J2\\Qj{w,VMr, 



3=1 



ipy^Vru{r,w) ^-0^{X~^) 'ipy^u{r,w) ^-2XM{r), 
V7 > independent of A and r, where 

M(r) = (^Pu{r,w),'Dru{r,w) 



Since ||(5j(t(;, < C||Ai/^u|| < CHAi/^-uH, taking 7 small enough we can absorb the second 
term in the right-hand side of (2.9) by the first one and obtain 

E'(r) > - (r~'^Ayju{r,w),u{r,w)^ — ipy^T>ru(r,w) 

-0{X-^) ^py^u{r,w) ^-2AM(r). (2.10) 
Using that A„, > 0, we deduce from (2.10) 

^'(i)di<A-i|vrP.«|^,^^^+0(A-i)|vr«|^^^^^ + 2A M{t)dt. (2.11) 

Let now il){r) > be such that 'tp{r)dr < +00. Multiplying both sides of (2.11) by ijj and 
integrating from to 00, we get 

V'(r)£^(r)dr<0(A-i)|V'r^r^x|L.(^) + 0(A-^)|V'f n|^^^^^ + 0(A)y^ M{r)dr. (2.12) 

In particular, (2.12) holds with = ips'ir) for any < S' < 6. It is easy also to check that 

0<-^{riPs'{r))<Cil;s'{r), 

so we can use (2.12) with tp = —4- {rtjjs'{r)) to obtain 



rips'{r)E'{r)dr = — — {ri^s'i''')) E{r)d'. 
Jo dr 



< O(A-i) \\4^'T^ru\\^,^^^ + O(A-i) W^/'u 



+ 



/•oo 

0(A) / M{r)dr. (2.13) 
^0 



Since rips'ir) < 1, combining (2.10) and (2.13) we conclude 



^ll\-'Al/'u ' < 0(A-^) i^y'VrU 



2 

L2(X) 



+0(A-i) V^n +0(A) / Mir)dr. 



L2(X) 



(2.14) 



On the other hand, in view of (2.4) we can choose A big enough so that 1 — A '^W^ > 1/2. 
Therefore, for A S> 1 we have the inequality 



r i^S>{r)E{r)dr> ipll^V, 
Jo 

By (2.12), (2.14) and (2.15), we conclude 



2 1 
L^{X) 3 



L2{X) 



- 2 



+ 



L\X) 



+ 



2 

L2(X) 



2 

L2(X) 



(2.15) 



2 2 f '^^^ 

< O(A-i) \\4^'l^ru\\^,^^^ + O(A-i) IV'^^^I^.^^) + 0(A) M{r)dr. (2.16) 
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Set 

p« = p + ieX-^ = p- X-'^W^{r, w), 
M'^{r)= (^P^u{r,w),Vru{r,w)'j , N{r) = \{Pu{r,w),Vru{r,w))\ . 
In view of (2.6), we have 



\ M^{r)dr<X N{r)dr + 0{X-^] 
Jo Jo 



,1/2 



We also have 



A I" M{r)dr < A M«(r)dr + eX-' + \\Vru\\l,^^^) , 

X r N{r)dr<0^{\^) V^-'^'Pn' +7 ^]!^VrU 
Jo ^ y^) 



(2.17) 

(2.18) 
(2.19) 



for every 7 > independent of A. On the other hand, in view of (2.4) and (2.6), we have 



eX ^||m|||2('J(^) = Im (P?x,?x)^2(j(^) + (n — 1)A ^Wjbj{rw)u,u 



< 



{Pu,^)mx) +o(A-2) V, 



1/2 



u 



L2(X) ' 



(2.20) 



Re {Pu,u)l2^x) = IPr'"||i2(x) + 



+ {[X-^W^-1) u,'. 



+2A ^ Re {wjbj{rw)T>rU, u) r2(x} + ^^Re^r ^bj{rw)QjU,u 



L2(X) 



L2(X) 



> IPr«|l22(x) + 



0(1) ||n||i2(;,) 



-0(A-^) ( 



lL2(X) 



+ 



> p Ii^r'"iii2(^) - o(i) ihiii2(x) , 



provided A is taken large enough, which in turn implies 

|2 / II ||2 



|Pr^i|lL2(X) < 0(1) ||u||i2(jf) +2 (Pu,t/)^2(x) 

Combining (2.18), (2.20) and (2.21), we get 

A j^M{T)dT < 0(A) M\r)dr + 0{X-^) ||^;/\||^^^^^ + 0(A) |(Pu,u)^2(x) 

<0(A) r M^{r)dr + OJX^) i)'7,^''^Pu 
Jo 

By (2.16), (2.17), (2.19) and (2.22), we conclude 



(2.21) 



2 

L2(X) 



+ 0(7 + A-i) V'J/^u ^ 



<{o,{x-') + o{j)f'\\4^l!\ 



m{x) 



m(x) 



+ 0^{X) ij-}'^Pu 



L2(x) ' 



(2.22) 



(2.23) 



where we have used that ips < ips' for 6' < 5. Now, taking 7 small enough, independent of A, 
and A big enough, we can absorb the first term in the right-hand side of (2.23) to obtain (2.3). 
To prove (1.7) for all multi-indices |q;i|, \a2\ < 1 we will use the following 
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Lemma 2.1 // \b{x)\ + |T^(a;)| < C = Const, then for every s G R there exist constants C > 
independent of b and V and Aq > depending on C so that for A > Aq and < |ai|, |a2| < 1 
we have the estimate 



(2.24) 



Proof. Without loss of generality we may suppose that s > 0. Let us first see that (2.24) is 
valid for the free operator Gq. This is obvious for s = 0. For s > we will use the identity 

(Go ± {xY = {xy (Go ± iX^y' - (Go ± a^) ~' [A, {xY] (Go ± iX^) . (2.25) 



Since 



[A,{xr] = o{{xr-^)d,+o{{xr-^), 

we obtain from (2.25) (with |a| < 2) 

{x)-'d^[Go±iX^y\xy < {x)-'d^{xY (Go±iX^y^ 

+c J2 {x)~"d^ {go ± ix^y^ {xy-^ (go ± ix^y^ 

< GAH-2 + o(a-1) 



(2.26) 



{x)-'d^(Go±iX^) \xy-^ 

Iterating (2.26) a finite number of times and taking into account that the operator commutes 
with the free resolvent, we get (2.24) for Go. To prove (2.24) for the perturbed operator we will 
use the resolvent identity 



(g ± a^) ^ = (Go ± zA^) ^ - (g ± iA^) ^ (G - Go) (Gq ± iA^) ^ , 
By (2.27) we get 



(2.27) 



A-I"il-I"2l (a;)-^5^i (GiiA^) ^^^^^a 

l"l|,|o:2|<l 

< ^ ^-|ai|-|a2| (Go±iA2)"^9^2^x)^ 

|oiMa2|<l 



L2->L2 



|ai|,|a2|<l |/3i|+|/32|<l 



{x)-^d^^(Go±ix'y'd^^xy 



-1 



<GA-2 + 0(A-i) A-l^il-l/^il (G±iA2) 

l«iM/3i|<l 



L2_^L2 



(2.28) 



Taking now A big enough we can absorb the second term in the right-hand side of (2.28) and 
obtain (2.24). □ 
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Let us see that (1.7) for all multi-indices cki and 02 follows from (1.7) with ai = 0:2 = and 
Lemma 2.1. To this end, we will use the resolvent identity 



(G-X^± ie) ^ = {G- iX^) V (A^ ^ - iX^) (g - zA^) 
+(A2 t ^£ - ^2)2 (g - zA2) (g - A^ ± ie) (g - i; 



-2 



Hence 



2 



+GA^ 



9,"^ (G-a^)"' 



(G-a^)"'^; 



+GA4 



-1 , , 

2 



— G-A^iieJ (x) 



L2_).L2 



2 



1 , . 1+^' 
2 



L2^L2 



< ca'"^'"*"'"^'""^. 



We will now prove (1.7) in the general case. Let ^ G Go°(R+), (p > 0, J (f){a)da = 1, and given 
any < < 1, set 

Be{r,w) = e'^risir) J^gs{r',w)(t) (^^-y^^ dr' = ris{r) J^gs{r + 9a,w)(f>{a)da, 

bg{x) := i?6i(|x|, 1^). In view of the assumption (1.6), given any e > there exists ^ > so that 
for all X G R" we have 



X X 

gs{\x\ + Oa, -—) - gsi\x\, -— 

X X 



6f(x)-6^(x) <vs{\x\) f 

Jn 

It is also clear that (1.5) implies the bounds 

bl{rw)\<Cvs{r), 

drhl{rw) <CeMr)- 



{a)da < erjs{\x\). (2.29) 



(2.30) 



(2.31) 



We will use the above analysis and the easy observation that the constant G in the right-hand 
side of (1.7) depends only on the parameter 5' , provided < 6' < 5. In view of (1.1), (1-2), 
(1.4), (2.30) and (2.31), we can apply the already proved estimate (1.7) to the operator 



Gi = -A + i{b^ + bl)-V + iV- (6^ + b^) + + 
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to get the estimate 

(x) - ^ (Ci - A2 ± ie) " ^ ^x) - 



2 



(2.32) 



for A > Ao(e) > with a constant C > independent of e, e and A. On the other hand, in view 
of (1.3), (1.5) and (2.29), the difference G — Gi is a first order differential operator of the form 



G - Gi = O (e{x)-^-') • V + V • O (e{x)-^-') + O ((x)-^- 
Using this together with (2.32) and the resolvent identity 

(G - A^ ± ie)-^ = (Gi - A^ ± ie)-^ - (Gi - A^ ± i£)-^{G - G{){G - A^ ± ie)'^ , 
we obtain 

(x)-^ (G-X^ ±iey^ {x)- 
{x)-'^(G,-\^±ie)~\x)-'^ 



2 



< 



J/3i|+l/32| 



l/3i|+l/92|<l 



l+S 
2 



(x)-^af2 (G-A^iie) ^(x)- 



2 



<GA-i + G el^^^Al'^il-i (x)-^af^(G-A2±ie) ( 

IAI + I/32|<1 



-1 . , 1+^' 

X) 2 



<C\-^ + o(e + \-^) (x)-^ (G- A^ize) \x)" 



2 



+0(eA-i) ^ |(x)- 2 af2(G-a2)-i(x) 2 

l/32| = l 



X 1 + A^ 



2 



L2^L2 



2 



(2.33) 



< GA"^ + O (e + A"^) (x)-^ (G- A^iie) ^ (x)" 

where we have used that 5' < 8 and Lemma 2.1. Taking e > small enough, independent of 
A, and A big enough wc can absorb the second term in the right-hand side of (2.33) and obtain 
(1.7) in the general case when ai = a2 = 0. For all multi-indices ai and a2 the estimate (1-7) 
follows from (1.7) with ai = a2 = and Lemma 2.1 in the same way as above. 
To prove (1.11) we will use the commutator identity 



o2 I Cji 1^ 

2 



0. 



(2.34) 



We obtain from (2.34) that the operators G = r^n-i)/2Q^-{n-\)/2 ^ ^ ^(n-i)/2^^-(n-i)/2 
satisfy the identity 



rdr, G 



G + A + - 



ra^,G + A :=Q. 



(2.35) 
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We rewrite (2.35) as follows 



G-X' + ie + 



rdr, G — \ +ie 



-A^ +ie + Q, 



which yields the identity 



(G-\^ + ie) - rdr,(G-\^ + ie) 



Set 



(-A^ + ie) {G-\^ + ie) ^ +{G-\^ + ie) ^ q{G-\^ + ie) \ 

= V^{rw) + \b{rw)\^ , 

n 

= V^{rw) - i{n - l)r~^ '^Wjbjirw). 



Observe now that 



2r or 2 ^ > 



It follows from the assumptions (1.4), (1.8), (1.9) and (1.10) that 



d{rbj) 
dr 



1 d{r'^W^^ 



r dr 

By (2.36) and (2.37) we obtain 



+ 



d{rh) 



dr 



(r)- V5'(0'/' (g - A2 + is) ' ^Ps'{r)^^^{r)-' 



L2(X)^L2(X) 

+0(A) ^ ^s'irf'^-Dr (G-\^± ie)"' ^5'{rf'^ 



± 



+0(A) ^ 1^6' (0'/' (G-\^± iey^ ^5'{rf'^ 

i^S' {rf'^Vr {G-X^^ ie) ~' ^6' (0'/' 
+0(A) ^ V5'(0'/' (g - A2 ± ie)"' V5'(r)'/' 
V'.'(r)^/ViAi/2 (G-A2Tze)"'vHr)^/^ 



L2(X)-^L2(X) 
L2(X)->L2(X) 
L2(X)-^.L2(X) 
L2(X)-^L2(X) 
L2(X)-J.L2(X) ' 
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where we have used that tf^g < tl^s' for S' < S. It is clear now that (1.11) with ai = a2 = follows 
from (1.7) and (2.38). Furthemorc, it is easy to see that when |ai| + \a2\ > 1 the estimate (1.11) 
follows from (1.7), (1.11) with ai = a2 = and Lemma 2.1. Indeed, we have 



(x)-^5r (G-iX'y'ix) 
(x)-^ (g - (G-\^± ie)'^ {G - i\^){x) 
{x)- '^d^^ (G + iX^y\x) 

< o(Al"^l+l"^l-4) ^ A^'^ (a;)-^ (g - ± ie)""' (x) 



3+d' 
2 



, -1 , > 3+,5' 
2 



Z+5' 
2 



'1 , , 'i+l. 

2 



-k 



2 



fe=0 



L2_j.L2 



< (7;i^l"il+l"2|-2_ 



□ 



Proof of Corollary 1.2. We will use Theorem 1.1 and the observation that the constant C 
in the right-hand side of (1.7) depends only on the parameter 5\ provided 5' < 5 (an argument 
already used above in the case when = = and which is true in the general case). Since 
by assumption 6(0) = and the function b is continuous in r, given any e > there is < ^ < 1 
so that \b{x)\ < e for |x| < 9. Let C G C^{R.), < C < 1, C{r) = 1 for |r| < 1/2, C(r) = for 
|r| > 1. We are going to apply Theorem 1.1 to the operator 

G2 = -A + i{l - C){\x\/e)b{x) • V + iV • b{x){l - Oi\x\/e) + V{x) + \bix)f . 

Let X e C°°(R), < X < 1, x{r) = for r < ro + 1, x{r) = 1 for r > ro + 2. Set 

6^(x) = xilxDb'^ix), V'^ix) = xi\x\)V\x), 

b'{x) = (1 - 0{\x\/9) {b'{x) + (1 - xXlxDb'^ix)) , 

v^ix) = v^ix) + (1 - x)i\x\)v^ix) + a\x\/e)i2 - a\x\/emx)\\ 

It is easy to see that the operator G2 is of the form 

G2 = (iv +v+b^y +V^+ V^, 

and that the conditions of Corollary 1.2 imply that the functions b^, r , and V^*^ satisfy 
(1.1)-(1.6) with possibly a new constant ^ > independent of e. Therefore, by Theorem 1.1 the 
operator G2 satisfies the estimate (1.7) with a constant C in the right-hand side independent 
of e. On the other hand, the difference G — G2 '\s a first order differential operator of the form 
0(e)-V + V-0(e) with coefficients supported in \x\ < 1. Taking e > small enough, independent 
of A, and proceeding in the same way as in the proof of (2.33) above, we obtain that the operator 
G satisfies (1.7), too. □ 
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Proof of Corollary 1.3. It is similar to the proof of Corollary 1.2 above. Since by assumption 
h{x) = 0{{x)^^), given any e > there is G R", \xe\ ^» 1, so that \h{x)\ < e for \x — x^] < 1- 
We would like to apply Theorem 1.1 to the operator 



-A + i(l - C)(|x - x,\)b{x) • V + iV • b{x){l - C)(|x - + V{x) + \b{x)\^ . 



r. It is easy to see that the 



To this end, introduce the polar coordinates r = \x — Xe\, w = 
conditions (1.14)-(1.18) imply that the coefficients of the operator G3 satisfy (1.1)-(1.6) in these 

new polar coordinates with the same constant 6 > 0. Therefore, by Theorem 1.1 the operator G3 

i+s' 

satisfies the estimate (1.7) with weights {x — x^) ~ and with a constant C in the right-hand 
side independent of e. On the other hand, the difference G — G3 is a first order differential 
operator of the form 0(e) • V + V • 0(e) with coefficients supported in |x — Xe| < 1. Taking e > 
small enough, independent of A, and proceeding in the same way as in the proof of (2.33) above. 



we obtain that the operator G satisfies (1.7), too, with weights {x — Xe 



1+6' 



{xy 



□ 



3 Dispersive estimates 

Let (p G Oq°((0, +00)). It is easy to see that the estimates (1-23) and (1.24) follow from the 
following semi-classical dispersive estimates (e.g. see Section 2 of [3j). 

Theorem 3.1 Under the assumptions of Theorem I.4, there exist constants O, /iq > such that 
for all < h < ho, t ^ 0, we have the estimate 



mVg 



^{hVG) 



< ch-^\tr\ 



(3.1) 



Moreover, for every 6' > there exist C,ho > such that for all < h < /iq, t ^ 0, we have the 
estimate 



<p{hVG){x)-^/^-^' 



< ch-M~^. 



Proof. We are going to use the formula 



00 

-1 / JtX 



ip{h^/Go) = (vri) ^ / e 




^{hX) (i?+(A)-flo(A)) XdX, 



(3.2) 



(3.3) 



where R^{X) = (Gq- X"^ ±iO)-^ are the three dimensional outgoing and incoming free resolvents 
with kernels given by 



[^o(A)](x,y) 



^±iX\x-y\ 

4:Tt\x — y\ 



We also have the formula 



JtVG 



ip{hVG) = (7ri)-i 



JtX 



ip{hX) {R+{X) - R'{X)) XdX, 



(3.4) 



where R^{X) = (G — A^ it iO) ^ are the outgoing and incoming perturbed resolvents satisfying 
the relation 

R^{X) - R^iX) = R^{X)LR^{X) =: T^{X) = rf (A) + T^{X), (3.5) 
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where 

r±(A) = R^{X)LK^{X), T^{X) = R^{X)LR^{X)LR^{X), 
L = G-Go = ib{x) -V + iV- b{x) + \b{x)f + V{x). 
In view of (3.3), (3.4) and (3.5) we can write 

, — roo 

e^^^^ip{hVG) - e'^^ip{h^/G^) = {mh)-^ / e^*^^(/iA)r(A)dA, 



(3.6) 



where we have put (p{X) = Xip(X), T = T+ — T . It is easy to see that the estimates (3.1) and 
(3.2) follow from (3.6) and the following 



Proposition 3.2 The operator-valued functions T(A) : — > and T{X){x) ^' : 
L°° are for X large enough and satisfy the estimates (with A; = 0, 1^ 



dinx) 



< cx, 



9fr(A)(x)-3/2-'5' < c. 

Proof. We will need the following properties of the three dimensional free resolvent. 
Lemma 3.3 We have the estimates 



(3.7) 

(3.8) 



d',(R+{X)-R^ 



<CX, A; = 0,1, 



9^i?^(A)(a;)-V2-fe-5' 
d^d,R^{X){x)-'/'-'' 



+ 



+ 



(x)-i/2-'=-'5'9^i?±(A) 
{x)-'/'-''dxR^iX)d^ 



<C, k = 0,l, 
< CX, \a\ = 1. 



(3.9) 

(3.10) 
(3.11) 



Moreover, if\a\ = 1, given any 7 > independent of X the operator d^R^{X) can be decomposed 
as /Ci^q(A) + /C2,a; where 



/CtJA)*(x)-V2-^' 



+ 



/C: 



2,a 



+ ll^2,a||£,i^ii < 7- 



(3.12) 

(3.13) 



Proof. The estimate (3.9) follows from the fact that the kernel of the operator 

5,^(i?+(A)-i?o(A)) 

is 0(A), while (3.10) follows from the fact that the kernel of the operator 3^i?^(A) is O (^\x — y\^~^^ 

uniformly in A. It is also easy to see that if \a\ = 1, the kernel of d"dxR^{X) is 0(A), which 
clearly implies (3.11). Furthemore, observe that the kernel of d^R^{X) is equal to 



zbzA 



±iX\x-y\ p±iX\x-y\ ' 



dx" 



x-y\ 



\x - y\ 
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/ e^^^^ 1 - e^^^l^-?^! p{\x-y\/i)-l 



\x-y\ 



\x-y\^ + i^2,a(x,y), 

where 7' > and p G C^(R), < /> < 1, p(ct) = 1 for \a\ < 1, p(fT) = for |fT| > 2. Denote by 
/Cf^(A) (resp. /C2.a) the operator with kernel iiT^o, (resp. i^2,a)- Clearly, -fi'i'^c* ~ Oy {X)\x — y\~^ , 
which implies (3.12). On the other hand, the left-hand side of (3.13) is upper bounded by 



C 



/r3 \x - y\ 
Choosing 7' = 7/6" we get (3.13). 



kl<7' 



\z\-'^dz < cy. 



(3.14) 



□ 



Using Theorem 1.1 and Lemma 3.3 together with (1.20) and the fact that the operator 
commutes with the free resolvent, we obtain 



y: ut{x){x)-'/'-^' 



k=0 



<E 



± 



dRiiX) 



LR^{X){x) 



dX 



-3/2-5' 



+ E 

fe=0 



± 0<|ai|+|a2|<l 



{x)-^l^-'/^d'^'R^{X){x)-^l''-'' 



+^EE E ||i^o^(A)(x)-^/^-^/^ 

± fc=00<|a|<l 

± fc=0|Q| = l 



+^E E \Hc 

fc=0|a|=l 



L°°^L° 



(x)-3/2-^/2a«9ti?±(A)(x)-3/2-^' 

(x)-3/2-'^/2a^i?±(A)(x)-=^/2-^' 
{diR+{X)-diR-{X)) {x)-^/'-'' 



<C, + 0{^)Y,\\diT{X){x) 

k=0 



-3/2-<5' 



(3.15) 



for every 7 > 0. Taking 7 small enough wc can absorb the second term in the right-hand side of 
(3.15) and get (3.8). Let us see now that the operator Ti = Tf*" — Tf satisfies (3.7). By Lemma 
3.3 we have 



Ell^Ari(A) 

fe=0 



1 

<E 

fe=0 



rf^i?o+(A) + d%-(A) 
-^^LR, (A) - -^^LR, (A) 



+ 



dA 
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± fc=0|a|<l 



± |a|<l 



(a;)-V2-5/2^±(A) 



± A:=0|a|=l 

+^E E 

± |a|=l 



fe=0|a|=l 



(ll^2,a| 



+ 



/C: 



2,a 



J < CA. (3.16) 



Given a multi-index a = {ai, 0.2, a?,) such that |a| < 1, define the function ba as follows: 
^0 = (I^P + y) /2, and if |a| = 1, aj = 1, then ba '■= bj. The operator T2 = T2 — T2 satisfies 



E||^Ar2(A) 
fe=0 



< 



E 



ki+k2+k3<l 



± 



dA*^i dX''^ dA*^3 



< E E 

A;i+A;2+fe3<l |ai|,|a2|,|/3i|,|/32|<l, |ai|+|a2|<l, |/3i|+|/32|<l 



4ai,a2,Pi,, 
fci,A;2,fc3 



^(A)=:^(A), (3.17) 



where 



^ 0:1,0:2, pi, /32 
fei,A;2,fe3 



(A) 



^,'t^{Xl d^^i?^(A) , .0, ^^^i^o^(A) 



-'ai,a2 = ^ai if Oi2 = 0, ^q^^qj = ^02 if cti = 0. To bound these norms we will consider 
several cases. 



where bo 
eral c 

Case 1. ai= j5i= 0. By Theorem 1.1, Lemma 3.3 and (1.20), we have 

d^^RQ{X) -5/2 



± 



^^yl/2-k2~5/2Qa2 d'jH^) QP2^^yl/2-k2-S/2 



dX^^ 



{xy 



-l/2-fc3-<5/2 ^*'^-^0 (A) 



< ex. 



(3.18) 



<0(A) (x)-V2-fe2-5/25a2^±(;^)l+fc25^2^^)-l/2-fe2-5/2 ^^^^^ 

Case 2. |ai| + > 1, fci = 1 if |ai| = 1 and /cs = 1 if = 1. This case is treated in 
precisely the same way as Case 1. 

Case 3. ki = k2 = 0, ks = 1, |ai| = 1, a2 = 0. By Theorem 1.1, Lemma 3.3 and (1.20), we 
have 

^--°/^A(A) < ||/c?;„,(A)*(x)-V2-^/2 



± 



(x)-V2-5/2i?±(A)5f^(^)-i/2-5/2| 



{x)-'/'-'/'d^,^d,R^iX) 
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+c 



2,ai 



± 



< C^X + 0(7) 



± 



+0(7) 



J2 ±R^iX)LR^iX)d^'b^,,^,d^^d,R^iX) 



(3.19) 



In the same way as in the proof of (3.16) one can see that the second term in the right-hand side 
of (3.19) is 0(A). On the other hand, it is clear that the third one is bounded by 0{'y)A{X). In 
other words, (3.19) yields 

<o°/^'^^ (A) < C^X + 0{j)A{X). (3.20) 
Case 4. ki = 1, k2 = ks = 0, = 1, ^2 = 0. This case is treated in the same way as Case 

3. 

Case 5. ki = k^ = 0, ^2 = 1, = = 1, ^2 = /?2 = 0. By Theorem 1.1, Lemma 3.3 and 
(1.20), we have 



{xy 



-3/2-5/2 



dR^jX) 
dX 



{x) 



± 



-3/2-5/2 



(x)-V2-^/^/Ct,^(A) 



+C 



'^2,ai 



+C||^2,/3illii^Li 



dR^{X) 



J2±Ri{X)d^^ba,,o 
± 



dX 



+C 



2,ai 



l^2,/3i| 



^ dA 



(3.21) 



By (3.9), (3.16) and (3.17), we have 



d{R+{X) - R-{X)) 



dX 



< 



d{R+{X)-R^{X)) 



<cx + 



dT2{X) 



dX 



dX 



+ 


dT{X) 


L^-^L'=° 


dX 



< CA + ^(A). 



(3.22) 



Similarly, one can easily see that the second and the third terms in the right-hand side of (3.21) 
are bounded by CA -|- 0{'y)A{X). Thus we obtain 



A^y^^^'\X)<C,X + 0{j)A{X). 
Summing up the above inequalities we conclude 

.4(A) < C^A + 0(7)^(A). 



(3.23) 



(3.24) 
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Taking 7 > small enough, independent of A, we can absorb the second term in the right-hand 
side of (3.24) and conclude that ^(A) = 0(A). This together with (3.16) and (3.17) imply (3.7). 

□ 
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